In this note we show that Tolman's example (of a six dimensional Hamiltonian T 2 -space with isolated fixed points and no compatible Kähler structure) can be constructed from the flag variety U (3)/U (1) 3 by U (2)-equivariant symplectic surgery. This implies that Tolman's space has a "transversal multiplicity-free" action of U (2) and that Delzant's theorem "every compact multiplicity-free torus action is Kähler" [4] does not generalize to non-abelian actions.
Introduction
In February 1995 S. Tolman [14] presented a non-Kähler Hamiltonian action with isolated fixed points. Here, non-Kähler means that there is no invariant complex structure J such that the equation
where ω is the symplectic form, defines a Riemannian metric g. The existence of such an example answers the crucial question about Hamiltonian group actions of whether a "generic" Hamiltonian action has a compatible Kähler structure. The use of the word "generic" here is vague. Commonly, "generic" has been understood to mean that a maximal torus should act with isolated fixed points. The question above is crucial because the definition of the "quantization" of a Hamiltonian action, and the proofs of theorems such the Guillemin-Sternberg multiplicity formula (see [7] , [13] ), are easier if one can choose a Kähler polarization. Tolman's example implies that the class of examples studied in equivariant symplectic geometry is much larger than that studied in equivariant Kähler geometry, and that Kähler techniques are not generally valid.
The main point of this note is to give a construction of Tolman's example which shows that its symmetry group is larger than the one originally proposed. Namely, Tolman's example has a "multiplicity-free" action of U (2). Multiplicity-free means that all of the symplectic reduced spaces associated to the action are zero dimensional. The most well-known examples of multiplicity-free Hamiltonian actions are the Hamiltonian actions associated to toric varieties and coadjoint orbits. In fact, Delzant [4] proved that any compact multiplicity-free torus action is the Hamiltonian action associated to a smooth projective toric variety. The main result of this note implies that Delzant's theorem does not generalize to non-abelian actions. That is, there can be only a limited relationship between the theory of multiplicity-free actions in symplectic geometry and the theory of spherical varieties (the non-abelian generalization of toric varieties in algebraic geometry; see [10] , [2] , [11] .) I would like to thank S. Tolman for giving us a truly wonderful example, and her, Y. Karshon, and V. Guillemin for suggesting improvements.
Tolman's example
Tolman [14] proves that a symplectic gluing of two halves of two six-dimensional Hamiltonian T 2 -spaces, M 1 and M 2 , results in a non-Kähler Hamiltonian T 2 -space M 3 . The gluing is represented by the following picture, which will be explained in a moment. The picture shows the images under the moment map of the connected components of the non-principal orbit-type strata of M 1 , M 2 , and M 3 , respectively, from left to right. That is, the points are the images of the fixed points, and the line segments are the images of the submanifolds fixed by circle subgroups of T = T 2 . (In general, there are orbit-type strata with discrete isotropy groups, but in these examples it turns out that there aren't any.) Note that an intersection of two lines is not necessarily the image of a fixed point.
M 1 is a generic coadjoint orbit of U (3), with the Hamiltonian action of U (3) restricted to T = U (1) 2 × id ⊂ U (3). M 2 is a toric variety, with the action restricted from U (1) 3 to T . The polytope P associated to this toric variety is obtained by making the vertices of the outer triangle have z-coordinate 0 and those of the inner triangle z-coordinate 1, and giving each vertex x and y coordinates as drawn. The picture above is then the projection of P onto the x-y plane. 2 The pictures are representations of an invariant which Tolman calls the X-ray.
To describe this invariant, let (M, ω) be a Hamiltonian T -space with moment map Φ : M → t * , and let χ be the set of connected components of orbit-type strata. (Recall that the orbit-type stratum M H corresponding to a subgroup H ⊂ T is the set of points m ∈ M such that the isotropy subgroup T m equals H.) Definition 2.1 The X-ray of M is the set of images {Φ(X) | X ∈ χ} partially ordered by the relation {(Φ(X 1 ), Φ(X 2 )) | X 1 ⊂ X 2 , X 1 , X 2 ∈ χ}.
X-ray computations
Although the geometry of the spaces M 1 and M 2 is well-known, for the convenience of the reader we will sketch the computations of their X-rays. To compute the X-ray for M 1 , we can use the general fact that Lemma 2.2 If M is a Hamiltonian T -space with moment map Φ : M → t * , and if α ∈ t * is a weight with multiplicity one for the action of T on the tangent space of M at a fixed point m, then there is an X ∈ χ such that Φ(X) lies in Φ(m) + R + α.
Proof -The equivariant Darboux theorem produces a local isomorphism
X is locally just the image of the weight space (T m M ) α under ϕ. The moment map for the action of T on (T m M ) α ∼ = C is z → Φ(m) + α|z| 2 /2, which proves the lemma. 2
Suppose that M 1 = U (3)λ for some generic λ ∈ u(3) * . (We could also take M 1 to be an SU (3)-coadjoint orbit, and restrict to the action of the maximal torus.) The T -fixed points are the U (1) 3 -fixed points, that is, the elements of W λ, where W is the Weyl group of U (1) 3 ⊂ U (3). The weights of T at a fixed point wλ are ±α 1 , ±α 2 and ±α 3 , where α 1 , α 2 , and α 3 are the positive weights restricted to t ⊂ u(1) 3 . With respect to standard bases, the positive roots are
and so
Therefore in a neighborhood of each wλ there are three non-principal strata fixed by circle subgroups of T . Since any two of α 1 , α 2 , and α 3 are a basis of the weight lattice, there are no strata with discrete isotropy groups in these neighborhoods. If X ∈ χ has isotropy group H, then X is a component of the fixed point set of H, that is, a compact submanifold, and therefore X must contain T -fixed points. Thus, the strata which meet the local models around the fixed points are the only ones. Furthermore, this implies that the endpoints of any line segment Φ(X), X ∈ χ must be images of fixed points. It follows that the X-ray of M 1 is as shown in Figure 1 .
To compute that X-ray for M 2 , let Φ 3 : M 1 → (t 3 ) * be the moment map for the 3-torus, P = Φ 3 (M ) the moment polytope, and F a face of P . The following is a general fact about toric varieties. For a symplectic proof, see [4] .
Lemma 2.3 The isotropy subgroup of any point
F with Lie algebra ann(F), where ann(F) ⊂ t 3 is the annihilator of F .
The isotropy subgroup for the action of the 2-torus
F . Furthermore, the moment map Φ 2 for T is Φ 3 composed with projection onto t * . If F is a 0 or 1-dimensional face of P , it follows that Φ −1 3 (F ) is a component of a non-principal orbit-type stratum of the T 2 action whose whose image under Φ 2 is the projection of F onto t * . If F is a 2-dimensional face,
is part of the principal orbit-type stratum for the T -action. This implies that the X-ray is as shown in Figure 1 .
Non-existence of a compatible Kähler structure
In [ Suppose that M 3 is Kähler. In this situation, the action complexifies and a theorem of Atiyah [1] describes the images of the orbits of the complex torus:
Theorem 2.4 (Atiyah) Let M be a compact Kähler manifold with a Hamiltonian action of a torus T . Let T C be the complexified torus and Y an orbit of T C . Then
Let C be the cone based at p in Figure 1 , and generated by the line segments pq and pr. Tolman notes that there is a orbit Y of T C with the property that Φ(Y ) = C near p. Y can be constructed using an equivariant local chart for the action of T C . An alternative construction goes as follows. Let U be the unstable manifold of m with respect to a Morse function of the form Φ, v , for a generic v ∈ t such that (v, q − p) < 0 and (v, r − p) < 0, so that U is 4-dimensional. Since the gradient flow is given by the action of a one-parameter subgroup of T C , U is a T C -space and splits into T C -orbits. Since these orbits are even real-dimensional there is one orbit which is dense in U , which we define to be Y . If X pq and X pr ∈ χ are such that Φ(X pq ) = pq and Φ(X pr ) = pr then U must contain X pq and X qr , since the limit point for the gradient flow on these submanifolds must be a T -fixed point and the only possibility is m. By the application of Atiyah's theorem, Φ(Y ) is a convex polytope ∆. The submanifolds Y F are Hamiltonian T -spaces, and since Φ(Y F ) = F we have by definition of the moment map that Y F is fixed by the subgroup of T with Lie algebra ann(F). In particular, the set {p ∈ Y | dim T p > 0} of points with positive dimensional isotropy subgroups must map to the boundary ∂∆ of ∆. Therefore pq ∪ pr ⊂ ∂∆, so that ∆ = C locally, as claimed.
The only images of fixed points in the cone C are p, q, and r and so ∆ must be the convex hull of p, q and r. The line segment qr minus its endpoints is therefore a face F of ∆. Y F is fixed by a circle subgroup, and therefore must be contained in some X ∈ χ such that Φ(X) contains F . But from Figure 1 we see that there is no such X, which is a contradiction. 3 This argument is a particular example of a more general criterion which Tolman shows is necessary for the existence of a Kähler structure, in terms of the X-ray. We will not discuss the more general statement here, since we want to focus on this example.
Construction by U (2)-equivariant symplectic surgery
In this section we give an alternative construction of Tolman's example which uses the "symplectic cutting" technique of E. Lerman [9] . The advantage is that (1) the construction is more explicit, and (2) the construction shows that the example has a "transversal" multiplicity-free U (2)-action, which explains the Z/2 symmetry in Tolman's picture. The symmetry comes from the action of the Weyl group Z/2 of U (2). Transversal means that the moment map is transversal to the Cartan subalgebra. This implies that the action fits into the classification of [15] .
Lerman's definition of symplectic cutting.
Let (N, ω N ) be a Hamiltonian G-space and µ : N → R the moment map for a G-equivariant S 1 action on N . Let a ∈ R be a regular value of µ, let N a = µ −1 (a) be the reduced space and let N <a be the subset µ −1 (−∞, a) ⊂ N .
Lemma 3.1 (Lerman)
The union N ≤a = N a ∪N <a has the structure of a Hamiltonian G-orbifold. Furthermore, if N a is smooth then N ≤a is smooth also.
Proof -Let N × C be the product with symplectic structure π * 1 ω N + π * 2 (dz ∧ dz)/2i, where π 1 and π 2 are the projections. Define ν : N × C → R by ν(n, z) = µ(n) + |z| 2 /2 so that ν is the moment map of the diagonal action of S 1 on N × C, which is equivariant with respect to the action of G on the left factor. Let N ≤a be the reduction of N × C at a. Then we can write
The space N ≤a is called the symplectic cut of N at a. It is easy to check that the identification of a dense subset of N ≤a with N <a ⊂ N is an equivariant symplectomorphism. This implies that N ≤a is defined even if µ is only smooth in a neighborhood U of µ −1 (a). (That is, µ only defines an S 1 action locally.) Indeed, we can assume that U = µ −1 (b, c). The symplectic cut U ≤a is well-defined, and we define (see [9] ) Definition 3.2 Let N ≤a be the union of U ≤a and N <a glued together over U <a .
Equivariant symplectic surgery
If M is a Hamiltonian G-space, there is a natural set of (locally defined) G-equivariant circle actions which we can use for symplectic cutting. This follows from a version of the Guillemin-Sternberg symplectic cross-section theorem [8, Theorem 26.2] . Let t * + be a closed positive Weyl chamber. For each Weyl wall σ ⊂ t * + (not necessarily codimension 1) let G σ be the stabilizer of any point in σ.
Theorem 3.3 (Guillemin-Sternberg) Let σ ⊂ t * + be a Weyl wall, and let U σ ⊂ g * σ be the maximal set such that x ∈ U σ implies G x ⊂ G σ . Then
2. If Z σ is the center of G σ , then we can define a new action of Z σ by extending the action on Φ −1 (GU σ ) by G-equivariance. In particular if σ = int t * + then we have a new G-equivariant action of T on the (dense if non-empty) subset GΦ −1 (U σ ) = Φ −1 (g * reg ). We call the new action of Z σ the right action, and denote it by ρ. The justification for this terminology is that if m ∈ U σ and g ∈ G then the new action is given by
and therefore the isomorphism of the orbit Gm with G/G m identifies ρ with the right action of Z σ on G/G m (which is well-defined since G m is contained in G σ and so commutes with Z σ .)
Let q : g * → t * + be the quotient map, and defineΦ = q • Φ. The following proposition goes back in some form to Thimm (see e.g. [6] .) Proposition 3.4 The composition ofΦ with the projection π σ : t * → z * σ is a moment map for the right action of Z σ .
For convenience, we recall the proof. Let X ∈ z σ , and let X # L and X # R be the generating vector fields of the left and right actions of the one-parameter subgroup S 1 = exp(tX). Since GU σ = G × Gσ U σ , and Φ , X = Φ, X on U σ , we have that Φ , X is smooth on GU σ . Let Y the Hamiltonian vector field of Φ , X . We must show X # R = Y . Since both are G-invariant it suffices to show this at at Φ −1 (U σ ), where
Since symplectic cutting is local, if a ∈ R is such that µ = Φ , X is smooth at µ −1 (a), and if furthermore the right action of S 1 = exp(tX) ⊂ T is free on µ −1 (a), then the symplectic cut of M at a is a Hamiltonian G-space M ≤a with moment polytope
Note that by equivariance, in order to check that the right action of S 1 is free is suffices to check that the left action of S 1 is free on Φ −1 (t * + )∩µ −1 (a). Also, the condition that µ be smooth at µ −1 (a) is equivalent to requiring that the hyperplane H = {v ∈ t * | v, X = a} meets perpendicularly every Weyl wall σ such that σ ∩ H ∩ ∆ is non-empty.
Construction of Tolman's example
Let M 1 = U (3)/U (1) 3 and consider the Hamiltonian action of U (2) ⊂ U (3) obtained by restriction. Here U (2) is embedded in U (3) by the map A → diag(A, 1). Let Φ ′ : M 1 → u(2) * be the moment map, T ⊂ U (2) the diagonal maximal torus, and ∆ ′ ⊂ t * + the moment polytope of M 1 pictured on the upper left. The other three pictures will be explained later. 
and the weight of T on u(2) * /t * is −α 1 where α 1 is the positive root of u(2). Suppose without loss of generality that Φ(m) is the lower left vertex of ∆ ′ , so that the weights of T on T m M 1 are {−α 1 , α 2 , α 3 }. Equation (1) implies that weights of T on T m Y + are α 2 and α 3 . Since T m Y F ⊂ T m Y + is a weight space, F must be contained in Φ(m) + R + α 2 or Φ(m) + R + α 3 , but the latter ray does not intersect σ. This implies that the additional vertex of ∆ ′ is the intersection of Φ(m) + R + α 2 with σ. The mapΦ = q • Φ ′ has two components,Φ 1 andΦ 2 . Let µ be the functionΦ 1 + 2Φ 2 and S 1 the circle subgroup {(z, z 2 )|z ∈ U (1)} ⊂ U (1) 2 whose right action has moment map µ. Let a ∈ R be such that µ −1 (a) is the inverse image underΦ of the dotted line shown in Figure 3 . Then µ is smooth at µ −1 (a), since µ −1 (a) lies entirely in GY + . The symplectic cut (M 1 ) ≤a of M 1 at a using µ is therefore well-defined. Proposition 3.5 (M 1 ) ≤a is a smooth Hamiltonian U (2)-space, whose X-ray as a T 2 -space is the same as in Tolman's example. 6 To see that (M 1 ) ≤a is smooth, it's enough to check that the right action of S 1 is free on µ −1 (a), or equivalently, since the right action is U (2)-equivariant, that S 1 acts freely on µ −1 (a) ∩ Φ −1 (t * + ). This is shown either explicitly (see [15] Lemma 3.6 (Delzant) Let M a multiplicity-free compact Hamiltonian G-space with moment polytope ∆, let F be a face of ∆ contained in int t * + , and let m ∈ Φ −1 (F ). Then the isotropy subgroup G m of m is connected and its Lie algebra is ann(F) ⊂ t.
By the lemma the isotropy subgroups of points in µ −1 (a) ∩ Y + are id × U (1) and the trivial group. These intersect S 1 trivially, so S 1 acts freely on µ −1 (a). Therefore, (M 1 ) ≤a is a smooth Hamiltonian U (2)-space which has the moment polytope shown on the above right. Since T acts freely on a dense subset of Y + , U (2) acts freely on a dense subset of GY + . Since dim((M 1 ) ≤a ) = 6 = (dim +rank)U (2) we have that (M 1 ) ≤a is multiplicity-free.
Now consider the actions of T = U (1) 2 ⊂ U (2) on (M 1 ) ≤a , and let Φ : (M 1 ) ≤a → t * be the moment map. Let us compute the X-ray for (M 1 ) ≤a . Since (M 1 ) ≤a is a symplectic cut, the T -fixed points are those lying in µ −1 (−∞, a) and the "new" fixed points in µ −1 (a)/S 1 . From Figure 3 , we see that there is only one "old" fixed point q 1 with Φ(q 1 ) = x 1 , and by Delzant's lemma (or explicitly) there are T -fixed points q 2 , q 3 whose images under Φ are x 2 and x 3 resp. The points wq i , i = 1, 2, 3, where w is the non-trivial element of the Weyl group, are also T -fixed points, whose images under Φ are wx i .
The lines in the X-ray are using lemma 2.2. The splitting of T q i (M 1 ) ≤a as in equation (1) implies that there are two weights of T on T q i (M 1 ) ≤a which are weights of T acting on T q i (Y + ) ≤a and a third weight equal to −α 1 . By lemma 2.2 and Delzant's lemma the two weights of T q i (Y + ) ≤a are proportional to the directions of the two edges of the moment polytope atΦ(q i ). The weights at the T -fixed points wq i are obtained by Weyl reflection. By the reasoning similar to the computation of the X-ray of M 1 , the X-ray can be computed from this local data, and coincides with the X-ray of Tolman's example. 2 
How many Hamiltonian actions are Kähler?
One way of giving meaning to this question is to consider a family of Hamiltonian actions described by some parameter, and to describe for which values of the parameter an invariant, compatible Kähler structure exists. In this section, we describe a family of examples parametrized by the integers. Call a multiplicity-free Hamiltonian U (2)-space a generalized Hirzebruch space if its moment polytope is of the following form for some n ∈ Z:
slope −1/n
Figure 4: Hirzebruch polytopes
The reason for this language is that these are the polytopes of the famous Hirzebruch surfaces considered as toric varieties. Generalized Hirzebruch spaces can be constructed by symplectic cutting using the functionΦ 1 + nΦ 2 on the flag variety U (3)/U (1) 3 as described above. It follows from a result of Delzant [5] (see also [15] ) that there is only one such space whose moment polytope has slope 1/n. We denote this space by H n .
For n ≥ 2, Tolman's criterion shows H n cannot have a compatible, invariant Kähler structure. The question of whether H n has a non-invariant compatible Kähler structures is open. There is no known obstruction to the existence of a non-invariant Kähler structure. In particular, their cohomology rings (which can be computed by studying the variation of the moment polytope with respect to the cohomology class of the symplectic form) have the hard Lefshetz property.
For n = 1, the functionΦ 1 +Φ 2 = Tr(Φ) = Φ 11 + Φ 22 is the Hamiltonian of the action of the center Z ⊂ U (2), which is an everywhere-defined action which preserves the Kähler structure. Therefore in this case the symplectic cuts are Kähler, by [7, Theorem 3.5] . This example is discussed in greater detail in [15] .
For n = 0 we get the flag variety U (3)/U (1) 3 , considered as Hamiltonian U (2)-space. In the case n < 0 F. Knop [12] has observed that there exist compatible, invariant Kähler structures. Knop uses the theory of spherical varieties (see [10] , [11] ) to construct equivariant completions of the homogeneous space GL(2, C)/C * . The existence of projective structures on these varieties follows from work of Brion [3, page 413] . The proof will appear elsewhere.
To summarize, the results of this note together with Knop's observation imply that Theorem 4.1 If n ≥ 2, then H n has no T -invariant compatible Kähler structure. Otherwise, H n is a Kähler Hamiltonian U (2)-space.
